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Abstract 

In this paper we consider non-relativistic-conformal group, then we 
calculate two point function for the fields that are Galilean conformal- 
invariant, then we show that the correlation function for Galilean 
conformal- invariant fields in d = 2 are different from d ^ 2. Our 
result in d ^ 2 is different with previous results in [5] . 
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1 Introduction 



Recently, there has been some interest in extending the AdS/CFT corre- 
spondence to non-relativistic field theories ([1J,[2J). The study of a different 
non-relativistic limit was initiated in [3] , where the non-relativistic conformal 
symmetry obtained by a parametric contraction of the relativistic conformal 
group. The Galilean conformal group arises as a contraction relativistic con- 
formal group, where in d = 3 it is a fifteen parameter group which contains 
the ten parameter Galilean subgroup. Beside Galilean conformal algebra 
(GCA), there is another Galilean algebra, the twelve parameter schrodinger 
algebra. The dilatation generator in the schrodinger group scales space and 
time differently, X{ — > Axj, t — > X 2 t, but in contrast the corresponding gen- 
erator in GCA scales space and time in the same way, X\ — > Azj, t — > Xt. 
In this paper, we calculate the two point function in the Galilean conformal 
algebra separately in d = 2 and d ^ 2 dimensions. We show that the form 
of two point function in d = 2 dimension has a difference with another di- 
mensions. Our result for d = 2 is similar to the result of [3J, but in contrast 
to this reference, our result for d ^ 2 has another form. 
The paper organized as follows. Section 2 is a brief review of GCA. In sec- 
tion 3, 4 we show the representations of GCA in d = 2 and d ^ 2 dimensions 
respectively. Then in section 5, we calculate the form of two point function 
in d = 2 and d / 2 dimensions. Finally, in section 6, we close by some 
concluding remarks. 



2 Galilean conformal algebras 

Galilean conformal algebras (GCA) was obtained via a direct contraction 
of conformal generators. Physically, this come from taking t — > t Xi — > 
exi e — > 0. The generators of conformal group are 

P^ = -id^, D = -ix^d^, J^ v = i(x^d v - x u d^), (1) 
= -i{2x^x u d v - x 2 d^ 

(where [A, v = 0, 1, d). 
From the above scaling we obtain the Galilean conformal vector field gener- 
ators 
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p t = di H = d t D = (td t + x i d i ) Jij = -(x^ - Xj di) Bi = -tdi (2) 

K = K = (2tx% + t 2 d t ) Ki = -t 2 di 

Pi, H, D, Jij , Bi, K, Ki are spatial translations, time translation, rota- 
tions, boosts, time component and space components of special conformal 
transformation respectively. These generators obey the following commuta- 
tion relations, where define the Galilean conformal algebras. 



[Jij, J rs ] = So(d) 

[H,Bi] = -Pi 
[D,H] = -H 
[D, Jij] = 
[K,Bi] = -Ki 
[D, K] = K 
[K, H] = -2D 



[Jij,B r ] = —(Bidji — Bj5 ir ) (3) 
[Jij,H}=0 
[P h Bj}=0 
[D,Pi\ = -Pi 
[K,Pi\ = 2Bi 
[Jij,K r ] = -{Ki5ji - KjS ir ) 
[D, Ki] = —Ki 
[H,K l ] = 2B i 



3 Representations of Galilean conformal group in 
d 7^ 2 dimension 

We start by studying the subgroup of the galilean group that leaves the 
point x = invariant that is non-relativistic-Lorentz group (with previous 
contraction). We then introduce matrix representations Soi and Sy to define 
the action of infinitesimal boost and infinitesimal rotation transformations 
on the field 0(0) 



5^(0) = J Oi 0(O) = S 0i m JijHO) = SijHO) (4) 

Soi and Sij are spin operators associated with the field cj), next by use of 
the commutation relations of the GCA ([3]), we translate the generator Joi 
to a nonzero value of x 

exp -i(tH + x'P^Joi exp i(tH + x'Pi) = S 0i - tPi (5) 



exp -i(tH + x 1 Pi) J^ exp i(tH + x*Pj) = - (xiPj - XjPi) (6) 
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The above translations are explicitly calculated by use of the Hausdorff 
formula. These allow us to write the action of the generators 

Pi = d % 4> H<f>(x) = 5t<t> (7) 



Bi = Joi = -tdi4> + S 0i 4> Jij = -(xidj - Xjdi)4> + Sij<j) (8) 

We proceed in the same way for the full GCA group. The subgroup 
that leaves the origin x = invariant is generated by rotations and special 
transformation. If we remove the time translation generator, and space 
translation generators from the GCA, we then denote by Sij,Soi,A,k and 
,ki the respective value of the generators Jij, Bi, D, K and Ki at x = 0. 
These form a matrix representation of the reduced GCA. 



[A,%] = [A,Sy=0 (9) 

[A,ki] = -ki [A,k]=k 

[Sij, k] = [Sij, k r ] = (ki5j r kjdjr) 
[S i,k] = -h [Soi,kj] = 

= [k,h} = 



[Sij,Sor] — —(Soi5jr — Sojdj r ) 

The commutation relations © allow us to translate the generators, using 
the Hausdorff formula 

exp i(tH + x i p i )D exp -i(tH + x'pi) = D + tH + x i p i (10) 



expi(tH + x L pi)Ki exp -i(tH + = Ki + 2tS 0i - -{2 Pi ) (11) 

exp i(tH + x l pi)K exp -i(tH + x>) = K + 2t A + t 2 H + 2x i S 0i + 2tx i P i (12) 

From the above relations we obtain the following extra transformation rela- 
tions with semi-classic notation, 
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[D, 4>] = {x i d i + td t + A)4> (13) 

[Ki,<f>] = (-t 2 d t + 2tS 0i )<P 

[K, <j>\ = {t 2 d t + 2tx i d i + 2tA - 2x i SQ i )<j) 

If we demand that the field 4>(x) belong to an irreducible representation 
of the non-relativistic-Lorentz group then by Schur's lemma, any matrix that 
commutes with all the generators should be a multiple of the identity. If A 
is a constant then it commute with all generators of GCA and from com- 
mutation relations ([9]) Sij, Soi,k,k{ are equal to zero and finally we obtain 
following relations 



[H,<j>] = dt(t> (14) 
[Pi, 4] = d^ 

[D,4>] = (x% + tdt + A)4 
lK h ci>} = -t 2 d t cl> 

[Bi,4>] = -td t <f> 

[K, <j)] = (t 2 d t + 2tx l di + 2tA)<j) 
[Jij,<j)} = -(xidj - xjdi) 

Prom the above relations, one can obtain the change in (j) under a finite 
GCA transformation. Under a GCA transformation spinless field 

(j)(x) transforms as 

/9t' a 

<t>'{x') = \ — \-^4>{x) (15) 
where |^-| is the Jacobian of the GCA coordinates transformations and 



A is conformal dimension of <p. A field transforming like (|15p is a non- 
relativistic quasi-primary field. 



4 Representation of the Galilean conformal group 
in d=2 dimension 

In this section we consider the Galilean conformal group in d=2 where the 
rotation is absent, so we have following transformation relations with semi- 
classic notation. (In this section we introduce Sq x = £ which is the spin 
operator associated with the field (j).) 
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[KA]-- 



[xd x + td t + A)0 

= (~t 2 d t + 2^)0 

(t 2 d t + 2txd x + 2(iA - x£))0 

(-t0* + O 



(16) 



A commutes with non-relativistic-Lorentz group generators then by Schur's 
lemma A should be constant and K = Ki = 0. £ commutes with all gen- 
erators of Galilean conformal-group so using Schur's lemma £ is a constant. 
Also in d = 2 the definition of non-relativistic quasi-primary field applies to 
fields with spin. 

5 Non-relativistic conformal correlation functions 

In this section we would like to find the form of two point function for the 
GCA. According to the above results, we have different representation of the 
Galilean conformal group in d = 2 and d ^ 2. Now we consider equations 
(fbij) and (fT6j) . and calculate the two point function of the GCA separately. 

5.1 Two point function in d = 2 

We introduce two point function as 



where (f)\ and fa are non-relativistic quasi-primary fields with conformal 
dimensions and spins (Ai,£i) and (A2,^2) respectively (in d ^ 2 £i = £2 = 0). 
In two dimension we demand space and time translations invariant on F, so 
F depends on the r = t\ — 1\ and r = x\ — xi- From previous section we get 
three equations which admit constrain on the form of two point function. 

and 4>2 are Galilean boost invariant 



F=< 0\Mri,h)Mr2,t 2 )\0 > 



(17) 



<0| [5,0i02] I >= 



(18) 



so 



(-rd r + of = o 



(19) 
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where £ = £1 + £2- The solution of (fl~9j) can be written as 



F = C(r)exp(^) (20) 
r 

where C(r) is an arbitrary function of r. <j)\ and 02 are dilatation in- 
variant also 



< I [D,(j)i4> 2 ] I >= (21) 

so 

(rd T + rd r + A)F = (22) 
the solution of (1221) can be written as 

F = C'r- A exp(^) (23) 
r 

where C is an arbitrary constant. We still have two another conditions 

<0| [K x ,fa<fo] I >= 0, <0 I [K,<hfa} I 0>=0 (24) 

Using these conditions, we obtain Aj = A2 and £1 = £2- So, the final form of 
the two point function for Galilean conformal field theory in two dimension 
is as 

F(r,r) = C"5 AliA2 % i6 r- 2Al exp(^) (25) 

Two point function of GCA in two dimension also can be obtained via 
contraction method of [5]. 

< I 0i (Si,ti)02(x 2 ,t2) I >GCA (26) 
= lim < I (pi(x 1 ,ti)4> 2 (x 2 ,t 2 ) I > C FT 

a >0 

so 

< I Mxi,h)Mx2,t2) I > GC a= l}m o d hlM S 7li7l2 Z^ 2h ^ 2 hl (27) 
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where 



Z\2 = h2 + iexw, Z = t 12 -iex 12 (28) 



h = A + ^, h = A-^ (29) 



e 

Therefore 



F =< 0\Mn,ti)Mr2,t 2 )\0 > (30) 
lim n 4 1) / l2 % i ^ 2 (ti2 + M^i2)~ 2(A+ ^(ti2 - iexi 2 )" 2(A "^ ) 



e >0 

or in another form 



F(r, t 12 ) = C / <5a 1 ,a 2 %,6*12 2Ai ex P(^-) ( 31 ) 

*12 

5.2 Two point function in d ^ 2 

We introduce two point function as 



F{x\,t u x\M) =< O|0i(xi,ti)0 2 (4,t 2 )|O > (32) 

where 0i and </> 2 are non-relativistic quasi-primary fields with conformal 
dimensions A\ and A 2 . We demand space and time translation invariant 
on the F, so F depends on the r = t\—t 2 and r % = x\ — x\. From previous 
section we have three equations which admit some constrain on the form of 
two point function. From Galilean boosts invariant we have 



<0 | [Bufafa] | 0>=0 (33) 

then 

{-rd n )F = (34) 

so 

F = F(t) (35) 
From dilatation invariant we obtain 
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< I [A <M2] | >= (36) 

then 

(rd T + r*d r * + A)F = (37) 

therefore 

F = Ct~ a (38) 
where C is an arbitrary constant. From special conformal invariant, 

< | [Ki, 0i0 2 ] | >= 0, < | [K, 0i</) 2 ] | >= (39) 

we obtain the following constrain on the conformal dimensions 

Ai = A 2 (40) 
Finally the complete form of the two point function in d ^ 2 is 

F(r,r)=C5 AlA2 r- 2 ^ (41) 

As we see, GCA completely specifies the form of the two-point function in 
any number of space dimensions, but these results deserve some comments. 
It is instructive to compare them with the two-point function obtained from 
the requirement of Galilean conformal invariance in [JJ. Our result for cor- 
relation function in d ^ 2 did not depend to the rapidity. The exponential 
behaviour of the two-point scaling function in (|25p is a consequence of boost 
invariance. If we had considered the GCA in d ^ 2 the Boost generators are 
different [3J, our result for Bi in d ^ 2 did not depend to the rapidity, this 
is due to the commutation relation [Sij, So r ] = —(Soi5j r — SojSj r ) (we have 
this relation in d ^ 2 only). 

From the above relation, one can obtain the Soi = 0, so the eigenvalue of 
these generators, are zero also, i.e & = 0, in d ^ 2. So the result of correla- 
tion function in d ^ 2, Eq. ([3Tj) did not depend to the rapidity. 
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6 Conclusion 



In this paper we have calculated the two point function of Galilean conformal 
invariant field theory in d = 2 and d 7^ 2 dimensions separately. Previously, 
the author of ([I], [5]) have calculated the two point functions of GCA in 
all dimensions. The result of [5J is similar to our result (f3Tj) . but the result 
of [6] is similar to our result (|4ip . The authors of [6j have considered the 
states with zero rapidity. So the difference of there results with [3] arises 
from this point. Here we have chosen the state with non-zero rapidity, but in 
contrast to [3] , our result for correlations functions in d ^ 2 did not depend 
to the rapidity. This is due to the last commutation relation of ([9]), i.e. 
[Sij, So r ] = —(Soi5j r — Soj5j r ) , we have this relation for d ^ 2 only, so it is 
naturally there was a difference between d = 2 and d ^ 2. For the fields with 
zero eigenvalue of S^, from the mentioned commutation relation, one can 
obtain the Sw = 0, so the eigenvalue of these generators, which are rapidity 
are zero also, i.e. £j = 0. Therefore in d ^ 2 the two point functions have 
not depend to £j, and the correlation function in these dimensions take the 
form of (jHJ . 
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